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MINIMAL SETS AND ORBIT SPACE FOR GROUP
ACTIONS ON LOCAL DENDRITES
HABIB MARZOUGUI AND ISSAM NAGHMOUCHI
Abstract. We consider a group G acting on a local dendrite X (in
particular on a graph). We give a full characterization of minimal sets
of G by showing that any minimal set M of G (whenever X is different
from a dendrite) is either a finite orbit, or a Cantor set, or a circle.
If X is a graph different from a circle, such a minimal M is a finite
orbit. These results extend those of the authors for group actions on
dendrites. On the other hand, we show that, for any group G acting
on a local dendrite X different from a circle, the following properties
are equivalent: (1) (G,X) is pointwise almost periodic. (2) The orbit
closure relation R = {(x, y) ∈ X × X : y ∈ G(x)} is closed. (3) Every
non-endpoint of X is periodic. In addition, if G is countable and X is a
local dendrite, then (G,X) is pointwise periodic if and only if the orbit
space X/G is Hausdorff.
1. Introduction
Let X be a compact metric space with a metric d and G be a discrete
group. By an action of G on X we mean a continuous map ϕ : G×X −→ X
satisfying ϕ(e, x) = x and ϕ(g1g2, x) = ϕ (g1, ϕ(g2, x)) for all x ∈ X, and all
g1, g2 ∈ G, where e is the identity of G. For convenience we often use g(x) to
denote ϕ(g, x). Obviously for each g ∈ G, the map g : X −→ X;x 7−→ g(x)
is a homeomorphism of X. For any x ∈ X, the subset G(x) = {g(x) : g ∈ G}
is called the orbit of x under G. A subset A of X is called G-invariant
if g(A) = A, for every g ∈ G. It is called a minimal set of G if it is
non-empty, closed, G-invariant and minimal (in the sense of inclusion) for
these properties, this is equivalent to say that it is an orbit closure that
contains no smaller one; for example a single finite orbit. When X itself is
a minimal set, then we say that the action of G on X is minimal. One of
the objectives of the theory of dynamical systems has been to characterize
the topological structure of minimal sets. Clearly, the answer depends on
X. Let us first recall that every group action on a compact metric space
admits a minimal set, as results from Zorn’s lemma. Among one-dimensional
compact spaces, the characterization of minimal sets is well known on the
compact interval; these are finite orbits (see Lemma 3.1). For the circle,
there are three possibilities for minimal sets (see Corollary 3.3).
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Recent interest in dynamics on dendrites and local dendrites is motivated
by the fact that local dendrites are examples of Peano continua with com-
plex topology structures (e.g., [19], pp. 165–187). For continuous maps on
dendrites and local dendrites, a full topological characterization of minimal
sets was given by Balibrea et al. in [6].
For groups actions on graphs and dendrites, several results related to
minimality, sensitivity and existence of global fixed points have been ob-
tained by some authors (see e.g., [23], [17], [24], [25]). For rigidity results
for actions on dendrites, see [9]. Existence of minimal group actions on den-
drites can occur in the study of 3-hyperbolic geometry (see [22], p. 601).
These facts, among others, motivate us to explore the topological dynamic
of minimal sets for group actions on local dendrites. In [18], the authors
studied minimal sets for group actions on dendrites. This paper is, in part,
a continuation of that work; we will study minimal sets for group actions on
local dendrites. Graphs and dendrites are particular cases of local dendrites.
Our main results are a full characterization of minimal sets on graphs and
local dendrites different from a dendrite (Theorems 3.6 and 3.9). On the
other hand, for a group G acting on a local dendrite X different from a
circle, we show (see Theorem 5.5) that the following properties are equiva-
lent: (1) (G,X) is pointwise almost periodic. (2) The orbit closure relation
R = {(x, y) ∈ X ×X : y ∈ G(x)} is closed. (3) Every non-endpoint of X is
periodic.
The plan of the paper is as follows. In Section 2, we give some definitions
and preliminary properties on graphs, dendrites and local dendrites which
are useful for the rest of the paper. Section 3 is devoted to minimal sets for
groups actions on local dendrites. In particular we prove that any minimal
set for group actions on graphs different from a circle is a finite orbit. In Sec-
tion 4, we deal with the family of minimal sets considered in the hyperspace
of closed subsets endowed with the Hausdorff metric. Section 5 is devoted
to the relation between almost periodicity, closure orbit relation, and the
orbit (class) space for groups actions on local dendrites.
2. Preliminaries
In this section, we recall some basic properties of graphs, dendrites and
local dendrites.
A continuum is a compact connected metric space. An arc is any space
homeomorphic to the compact interval [0, 1]. A topological space is arcwise
connected if any two of its points can be joined by an arc. We use the
terminologies from Nadler [19].
By a graph X, we mean a continuum which can be written as the union of
finitely many arcs such that any two of them are either disjoint or intersect
only in one or both of their endpoints. Each of these arcs is called an
edge of the graph. A point v ∈ G is called a branch point if it admits
a neighborhood U in X homeomorphic to the set {z ∈ C : zr ∈ [0, 1]}
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with the natural topology for some integer r ≥ 3, with the homeomorphism
mapping v to 0. If r = 1, then we call v an endpoint of X. Denote by
B(X) and E(X) the sets of branch points and endpoints of X respectively.
An edge is the closure of some connected component of X \ B(X), it is
homeomorphic to [0, 1]. A subgraph of X is a subset of X which is a graph
itself. Every sub-continuum of a graph is a graph ([19], Corollary 9.10.1).
Denote by S1 = [0, 1]|0∼1 the unit circle endowed with the orientation: the
counter clockwise sense induced via the natural projection [0, 1] → S1. A
circle is any space homeomorphic to S1.
By a dendrite D, we mean a locally connected continuum containing no
homeomorphic copy to a circle. Every sub-continuum of a dendrite is a
dendrite ([19], Theorem 10.10) and every connected subset of D is arcwise
connected ([19], Proposition 10.9). In addition, any two distinct points
x, y of a dendrite D can be joined by a unique arc with endpoints x and
y, denote this arc by [x, y] and let denote by [x, y) = [x, y] \ {y} (resp.
(x, y] = [x, y] \ {x} and (x, y) = [x, y] \ {x, y}). A point x ∈ D is called an
endpoint ifD\{x} is connected. It is called a branch point ifD\{x} has more
than two connected components. The number of connected components of
D \ {x} is called the order of x. Denote by E(D) and B(D) the sets of
endpoints, and branch points of D, respectively. A point x ∈ D \ E(D)
is called a cut point. The set of cut points of D is dense in D. Following
([3], Corollary 3.6), for any dendrite D, we have B(D) is discrete whenever
E(D) is closed. For a subset A of D, we call the convex hull of A, denoted
by [A], the intersection of all sub-continuums of D containing A. If A is a
sub-dendrite of D, define the retraction rA : D → A by letting rA(x) = x,
if x ∈ A, and by letting rA(x) to be the unique point rA(x) ∈ A such that
rA(x) is a point of any arc in D from x to any point of A, if x /∈ A (see
[19], 10.26, p. 176). Note that the map rA is monotone and it is constant
on each connected component of D\A.
By a local dendrite X we mean a continuum having the property that
every of its points has a neighborhood which is a dendrite. A local dendrite
is then a locally connected continuum containing only a finite number of
circles ([16], Theorem 4). As a consequence every sub-continuum of a local
dendrite is a local dendrite ([16]). Every graph and every dendrite is a local
dendrite. Let X be a local dendrite. For any arc I in X, we denote by γ(I)
the set of its endpoints. A point x ∈ X is called a branch point of X if there
exists a closed neighborhood D of x which is a dendrite such that x is a
branch point of D (i.e. D\{x} has more than two connected components).
We denoted by B(X) the set of branch points of X. By ([16], Theorem 6,
304 and Theorem 7, 302), B(X) is at most countable.
For a subset A of X, denote by A the closure of A and by diam(A) the
diameter of A.
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Lemma 2.1 ([4], Lemma 2.3). Let X be a local dendrite, (Ci)i∈N be a se-
quence of pairwise disjoint connected subsets of X. Then lim
n→+∞
diam(Cn) =
0.
Lemma 2.2. Let X be a dendrite and let U and V be two disjoint non-empty
connected subsets of X. Then U ∩ V contains at most one point.
Lemma 2.3 ([2], Lemma 4.3). Let X be a local dendrite with metric d. Then
for any ε > 0 there is 0 < δ < ε such that if d(x, y) < δ then diam([x, y]) < ε.
Lemma 2.4. [21] Let D be a dendrite with countable set of endpoints. Then
every sub-dendrite of D has countable set of endpoints.
Lemma 2.5. [3] Let D be a dendrite with closed set of endpoints. Then we
have:
(i) B(D) ⊂ B(D) ∪E(D).
(ii) Every sub-dendrite of D has a closed set of endpoints.
From ([3], Theorem 3.3 ), we deduce easily the following Lemma:
Lemma 2.6. The order of every branch point of a dendrite with closed set
of endpoints is finite.
The following Lemma is trivial (see also [20]).
Lemma 2.7. Let X be a local dendrite and f : X → X a homeomorphism.
Then:
(i) f(B(X)) = B(X).
(ii) f(E(X)) = E(X).
Lemma 2.8. Let X be a continuum, a group G acting on X and M a
minimal set of G. Then M is
(i) a finite orbit, or
(ii) X; in this case all orbits are dense, or
(iii) a G-invariant, compact perfect nowhere dense subset of X.
Proof. If M contains a point a isolated in M , then so is g(a) for any g ∈ G.
Hence G(a)\G(a) ⊂M is closed, G-invariant and then, by minimality of M ,
we have G(a) = G(a). Thus G(a) is a finite orbit and M = G(a). So assume
that M has no isolated point, i.e. M is perfect. If M is somewhere dense
in X, i.e. its interior M˚ 6= ∅, then M\M˚ is closed and G-invariant, then by
minimality of M , we have M = M˚ and hence M = X. This completes the
proof. 
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3. Minimal sets on local dendrites
3.1. The interval case
Lemma 3.1 (Interval case). [18] Let G be a group acting on the closed
interval I and M ⊂ I a minimal set of G. Then M is a finite orbit (in fact
a single point or two points).
3.2. The circle case. Let Homeo(S1) (resp. Homeo+(S1)) be the group
of homeomorphisms (resp. orientation preserving homeomorphisms) of S1.
Proposition 3.2 (Circle case). [7] Let G be a subgroup of Homeo+(S1) and
M ⊂ S1 a minimal set of G. Then M is
(i) a finite orbit, or
(ii) S1; in this case all orbits are dense, or
(iii) a Cantor set; in this case it is contained in the closure of any orbit
and hence unique.
The following result is due to [7]. We present its proof for completeness.
Corollary 3.3. Let G be a subgroup of Homeo(S1) and M ⊂ S1 a minimal
set of G. Then M is
(i) a union of at most two finite G+-orbits, (where G+ = G∩Homeo+(S1)),
or
(ii) S1; in this case all orbits are dense,
or
(iii) a Cantor set; in this case it is contained in the closure of any G-orbit
and hence unique.
Proof. AsM is closed and G+-invariant, there exists a minimal set A ⊂M of
G+. If A = S1 then M = S1. So assume that M 6= S1 and that G\G+ 6= ∅.
So let h ∈ G\G+. Then h(A) is G+-invariant (since for any g ∈ G+, we
have h−1gh ∈ G+ and hence h−1gh(A) = A), moreover it is minimal for
G+. If A is a Cantor set then by Proposition 3.2, h(A) = A. Hence A is
G-invariant and therefore A = M . We conclude that A is contained in the
closure of any G-orbit and hence unique. If A is a finite G+-orbit, then so is
h(A). As A ∪ h(A) ⊂M is G-invariant; indeed, for any g ∈ G\G+, we have
g(h(A)) = A and g(A) = gh(h(A)) = h(A) since h2(A) = A and gh ∈ G+,
hence g(A ∪ h(A)) = A ∪ h(A). We conclude that M = A ∪ h(A). This
completes the proof. 
In particular:
Corollary 3.4. Let G be a subgroup of Homeo(S1) and M ⊂ S1 a minimal
set of G. Assume that G has a finite orbit. Then M is a finite orbit.
Proposition 3.5. Let G be a subgroup of Homeo(S1). Assume that G has
a finite orbit. Then:
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(i) All finite orbits have the same cardinal p if G is a subgroup of Homeo+(S1).
(ii) All finite orbits have cardinal p or 2p if G is a subgroup of Homeo(S1).
Proof. Let O be a finite orbit of G of cardinal p, set O = {a1, . . . , ap = a1}
in the natural order on S1.
(i) Assume first that G be a subgroup of Homeo+(S1). Let G(x) be a
finite orbit of G through x and denote by Ii = [ai, ai+1] ⊂ S
1. We show that
G(x)∩ Ii 6= ∅ for any i: Indeed, we have x ∈ Ii0 for some i0 ∈ {1, . . . , p} and
g(ai0) = ai for some g ∈ G. Then g(Ii0) = Ii and so G(x) ∩ Ii 6= ∅. Now let
us show that G(x) ∩ Ii is reduced to a point: Let y be the nearest point of
G(x) ∩ Ii to the point ai. Suppose that G(x) ∩ Ii contains other point than
y. In this case, there is g ∈ G such that g(y) ∈ Ii with y ∈ (g(y), ai). As
g ∈ Homeo+(S1) and g(Ii) = Ii, so the set {g
n(y) : n ≥ 1} is infinite and
included in G(x), a contradiction. We conclude that G(x) has cardinal p.
(ii) Now assume that G\G+ 6= ∅, where G+ = G∩Homeo+(S1). Let G(x)
be a finite orbit of G through x. Then G(x) = O1 ∪ h(O1), where O1 is a
finite G+-orbit. If h(O1) = O1, then card(G(x)) = p, where p is the cardinal
of any finite G+-orbit, by above. If h(O1) 6= O1, then card(G(x)) = 2p.
This completes the proof. 
Remark 1. The property (ii) in Proposition 3.5 can occur; for example,
take G = {id, σ}, where σ(z) = z : the conjugate of z ∈ S1. In this case, G
has two fixed points (i.e. of cardinal 1) and all the other orbits are finite of
cardinal 2.
3.3. The graph case. We have the following theorem:
Theorem 3.6. Let X be a graph different from a circle and a group G
acting on X. Then a minimal set M of G is finite (in fact a finite orbit).
Proof. The case where X is a closed interval is already down (see Lemma
3.1). So assume that X is not an interval. First we have M 6= X since,
by Lemma 2.7, for any b ∈ B(X), G(b) ⊂ B(X), hence G(b) is finite. If
M∩(B(X)∪E(X)) 6= ∅, there is a point v ∈M∩B(X) (resp. e ∈M∩E(X)),
then G(v) = M (resp. G(e) = M) is finite by the minimality of M and
Lemma 2.7. Assume thatM∩(B(X)∪E(X)) = ∅. SinceX is not an interval
and not a circle, there is v ∈ B(X). Let U be the connected component of
X\M containing v. So there exist a point a ∈M and an arc I with γ(I) =
{a, v} and such that U ∩ I = I \ {a}. For each g ∈ G, g(I) is an arc with
γ(g(I)) = {g(v), g(a)} and such that g(I) ∩ g(U) = g(I) \ {g(a)}. Because
X is a graph and the orbit Gv is finite, the family of arcs {g(I) : g ∈ G} is
finite. Hence the orbit Ga is finite and thus M = G(a) is a finite orbit. 
3.4. The dendrite case. We recall following results:
Theorem 3.7 (Dendrite case). ([18], Theorem 3.1) Let X be a dendrite, a
group G acting on X and M a minimal set of G. Then M is
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(i) a finite orbit, if E(X) is countable.
(ii) a finite orbit, or a Cantor set included into E(X), if E(X) is closed.
Proposition 3.8. ([18], Corollary 5.5) Under the hypothesis of Theorem
3.7, if the action has a finite orbit, then M is either a finite orbit, or a
Cantor set.
3.5. The local dendrite case. We have the following theorem:
Theorem 3.9. Let a group G acting on a local dendrite X different from a
dendrite and M a minimal set of G. Then M is either a finite orbit, or a
Cantor set or a circle.
Before the proof of Theorem 3.9, we introduce the invariant graph. Let X
be a local dendrite different from a dendrite. We denote by Y the minimal
graph (in the sense of inclusion) which contain all the circles in X (i.e. the
intersection of all graphs in X that contain all the circles in X). By ([1],
Proposition 3.6), Y is G-invariant.
We define the quotient space: Fix a point γ in Y and collapse the graph
Y to the point γ, we obtain the quotient space X̂ = (X\Y ) ∪ {γ}. Let
pi : X → X̂ be the quotient map defined by:
pi(x) =
{
γ, if x ∈ Y
x, if x ∈ X\Y
We endow X̂ by the metric d̂ defined as follows:
d̂(pi(x), pi(y)) =
{
d(x, y), if x, y ∈ X\Y
max (d(x, Y ), d(y, Y )) , otherwise
Since d̂(pi(x), pi(y)) ≤ d(x, y), for any x, y ∈ X, the map pi is continuous.
Therefore pi is closed and onto, which implies that X̂ is a continuum. As a
consequence:
Lemma 3.10. (X̂, d̂) is a dendrite.
We define the new generated group Ĝ := {ĝ : g ∈ G}, where ĝ : X̂ −→ X̂
is defined as follows: ĝ(pi(x)) = pi(g(x)), for any x ∈ X. It is easy to see
that Ĝ is a group acting by homeomorphisms on X̂.
Set X\Y =
⋃
i∈A Ci, where the Ci are the connected components of X\Y
and A is at most countable. By ([1], Lemma 2.11), for any i ∈ A, Ci ∩ Y is
reduced to a point. Let A′ ⊂ A. For each k ∈ A′ ⊂ A, we define the set Ck
of X and the point zk of Y by C
k = ∪
i∈A′k
Ci, where Ci are the connected
components of X\Y and A′k = {i ∈ A : Ci ∩ Y = {zk}}.
Proof of Theorem 3.9. If M ∩ Y 6= ∅, then M ⊂ Y is either a finite orbit,
or a Cantor set or a circle and in this later case, Y is a circle (Theorem 3.6).
If M ∩Y = ∅, then M ⊂ X \Y . By collapsing the graph Y to a point γ, we
get a new dendrite Z and a new generated action on Z having γ as a global
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fixed point. Now apply Proposition 3.8 to obtain that M is either a finite
orbit, or a Cantor set. 
Proposition 3.11. Let X be a local dendrite, a group G acting on X and
M a minimal set of G. Assume that G has a finite orbit. Then M is either
a finite orbit, or a Cantor set.
The proof is a consequence of two lemmas.
Lemma 3.12. ([1], Lemma 3.8) Under the notation above, let f : X → X
be an onto monotone local dendrite map. Let x ∈ Ck for some k ∈ A′ and
let fn(x) ∈ Ci for some i ∈ A′ and n ∈ N. Then fn(zk) = zi.
Lemma 3.13. Let X be a local dendrite, a group G acting on X and M a
minimal set of G. Assume that G has a finite orbit. Then G has a finite
orbit in Y .
Proof. Let x ∈ X with G(x) finite. If x ∈ Y then G(x) ⊂ Y . Otherwise,
there exists k ∈ A′ such that x ∈ Ck. Set G(x) = {x, g1x, . . . , gpx} and let
g ∈ G. So there exists i ∈ {1, . . . , p} such that gx = gix and thus g
−1
i gx = x.
By Lemma 3.12, g−1i g(zk) = zk, where C
k ∩ Y = {zk} and so G(zk) is a
finite orbit in Y . 
Proof of Proposition 3.11. Assume thatG has a finite orbit. Then by Lemma
3.13, G has a finite orbit in Y . If M ∩ Y 6= ∅, then M ⊂ Y (since M is
a minimal set of G). Hence M is a finite orbit; this follows from Theorem
3.6 if Y is different from a circle and from Corollary 3.4 if Y is a circle. If
M ∩ Y = ∅, then by Theorem 3.9, M is either a finite orbit, or a Cantor
set. 
4. Minimal sets in the hyperspace
Given a continuum X with a metric d, we denote by 2X the hyperspace
of all nonempty closed subsets of X. For any two subsets A and B of X,
we denote by d(A,B) = infx∈A,y∈B d(x, y) and d(x,A) = d({x}, A). The
Hausdorff metric dH on 2
X is defined as follows: for A,B ∈ 2X ,
dH(A,B) = max{supx∈A d(x,B), supy∈B d(y,A)}.
This defines a distance on 2X ([19], Theorem 4.2). With this distance,
2X is a compact metric space ([19], Theorem 4.3). If X is a continuum and
f : X → X is a map we can consider the map 2f : 2X → 2X (called the
induced map) defined as follows: 2f (A) = f(A), for each A ∈ 2X . If f is
continuous, then 2f is also continuous ([14], Lemma 13.3).
The aim of this section is to prove the following theorem which generalizes
the author’s theorem ([18], Theorem 6.9) to local dendrites.
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Theorem 4.1. Let G be a group acting on a local dendrite X. Then the
set of all minimal sets of G endowed with the Hausdorff metric is compact.
This holds if X is a graph.
Proof. Let (Mn)n∈N be a sequence of minimal sets of G converging in
the Hausdorff metric to a closed subset M of X. Then M is closed and
G-invariant. We distinguish three cases.
Case 1: X is a circle. If G has no finite orbit, then it has a unique
minimal set (Corollary 3.3) and so the theorem follows. If G has a finite
orbit, then by Corollary 3.4, each Mn is a finite orbit.
Assume that G be a subgroup of Homeo+(S1). Then by Proposition 3.5,
all finite G-orbits have the same cardinal, say p. So card(Mn) = p for any n.
Therefore the limit set M is finite of cardinality at most p; this follows from
the fact that the hyperspace of finite subsets of X of cardinality at most p
is a continuum (see [8]).
Since M is G-invariant, so it is a single finite orbit (otherwise, it contains
a finite orbit with cardinal less than p, a contradiction). We conclude that
M is a finite orbit which is a minimal set of G.
Now assume that G\G+ 6= ∅, where G+ = G ∩ Homeo+(S1). Let h ∈
G\G+. By the proof of Corollary 3.3, Mn = On ∪ h(On), where On is a
finite G+-orbit. If h(On) = On, for infinitely many n, then by above, M is
a finite G+-orbit. One can suppose that h(On) 6= On, for every n. Then
card(Mn) = 2p and so card(M) = 2p and M = O∪h(O), where O is a finite
G+-orbit and hence M is a minimal set for G.
Case 2: X is a graph different from a circle. Denote by
- C = {C1, C2, . . . , Ct} the set of circles in X containing only one vertex.
Denote by C = {C1, C2, . . . , Ck} the set of all the circles in X.
Lemma 4.2. If X is a graph different from a circle and f : X → X is a
homeomorphism, then for every C ∈ C, f(C) ∈ C.
Lemma 4.3. Let I be an edge in X and let Sat(I) := ∪
g∈G
g(I). Let p be the
number of elements in the family {g(I) : g ∈ G} = {g0(I), g1(I), . . . , gp−1(I)},
where g0 = idX . Then any finite orbit O meeting the interior int(I) :=
I\γ(I) has cardinal p or 2p. Moreover, if there is an orbit O with cardi-
nal 2p, then there are p elements h1, . . . , hp of G such that for any orbit
M with cardinal 2p, M ∩ gi(I) = {x0(i), x1(i)}, where x0(i) 6= x1(i) and
hi(xk(i)) = xk+1 mod (2)(i), k = 0, 1.
Proof. Let O be a finite orbit with non-empty intersection with int(I). Thus
O ⊂ int(Sat(I)). First observe that the sets Oi := O ∩ gi(I), for i =
0, . . . , p − 1 have the same number of points. Moreover, for each 0 ≤ i ≤
p − 1, Oi := O ∩ Ii is in fact a finite orbit for the action of the subgroup
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Gi := {g ∈ G : g(Ii) = Ii} on Ii. By Lemma 3.1, Oi is a single point or two
points. Therefore, the orbit has cardinal p or 2p.
Now, suppose that there is a finite orbit O in Sat(I) with 2p points. If
O ∩ γ(I) 6= ∅, then O ⊂ ∪
0≤i≤p−1
γ(gi(I)) and in this case the arcs gi(I)
are pairwise disjoint. Hence for each i, O ∩ gi(I) = {xi, yi} is an orbit for
the action of Gi on gi(I). The same holds if O ∩ γ(I) = ∅, in this case,
O ∩ gi(I) = {xi, yi} is an orbit for the action of Gi on gi(I). In both cases,
for each i, there is hi ∈ Gi such that hi(xi) = yi and hi(yi) = xi. Hence if
we denote by {ai, bi} = γ(Ii), then hi(ai) = bi and hi(bi) = ai. So there is a
fixed point ci ∈ int([xi, yi]) ⊂ gi(I). So take any orbit N in Sat(I) with 2p
points. It is easy to check that for each i, N ∩ gi(I) = {x0(i), x1(i)}, where
x0(i) 6= x1(i) and hi(xk(i)) = xk+1 mod (2)(i), k = 0, 1. 
When replacing the edge I by a circle C containing only one vertex, the
following lemma is similar to the lemma above.
Lemma 4.4. Let C be a circle in X containing only one vertex and let
Sat(C) = ∪
g∈G
g(C). Let p be the number of elements in the family {g(C) :
g ∈ G} = {g0(C), g1(C), . . . , gp−1(C)}, where g0 = idX . Then any finite
orbit O with non-empty intersection with int(C) has cardinal p or 2p. More-
over, if there is an orbit with cardinal 2p, then there are p elements h1, . . . , hp
of G such that for any orbit M with cardinal 2p, M ∩gi(I) = {x0(i), x1(i)},
where x0(i) 6= x1(i) and hi(xk(i)) = xk+1 mod (2)(i), k = 0, 1.
Proof. Similar steps as in Lemma 4.3 will be repeated to prove the first part
of the Lemma. So let us prove the last part which is slightly different.
Suppose that M is an orbit with 2p points in C. Then M intersects each
gi(C) exactly in two points xi, yi which form an orbit for the subgroup Gi
defined similarly as in Lemma 4.3. In the circle Ci, there is two arcs Ai and
Bi joining xi and yi. Suppose that Ai contains the only vertex in Ci, namely
ci. Obviously, ci is fixed by any element in Gi. So take hi any element in Gi
such that hi(xi) = yi, hence hi(Ai) = Ai and so hi(yi) = xi. Also, we get
that hi(Bi) = Bi and there is a point wi in the interior of Bi fixed by hi.
Now take any orbit N in C with 2p points. Then for each i, N intersects
gi(C) exactly in two points which both belong either to Ai or Bi and in
either cases it is easy to check that they are permuted by hi. 
We continuous the proof of Theorem 4.1 as follows:
If Mn intersects B(X) ∪ E(X) for infinitely many n, then for infinitely
many n, Mn is the same orbit O hence the limit of (Mn)n is O which is a
finite orbit.
If Mn ∩B(X)∪E(X) = ∅ for n large enough, the we can assume without
loss of generality that Mn ∩ B(X) ∪ E(X) = ∅ for each n. We distinguish
two subcases:
Case 1. For infinitely many,Mn intersects the interior of an edge I: Again
without loss of generality, we can assume that this assertion holds for each
n.
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In this case, by applying Lemma 4.3, there is a number p such that for
each n, Mn has p or 2p elements. If for a subsequence, card(Mφ(n)) =
p, then let g0, . . . , gp−1 be defined as in Lemma 4.3, and so for each n,
Mφ(n) = {g0(x
n), . . . , gp−1(x
n)}. One can assume that xn converges to x.
Thus, M := {x, g1(x), . . . , gp−1(x)} is the limit in the sense of Hausdorff
of (Mφ(n))n. As for each n, Mn is minimal, then its Hausdorff limit is
closed and G-invariant. Thus M := {x, g1(x), . . . , gp−1(x)} is closed and
G-invariant and hence it is a finite orbit.
If now for n large enough, card(Mn) = 2p, from Lemma 4.3, there are
g0, . . . , gp−1, h0, . . . , hp−1 ∈ G such that for n large enough, the orbit Mn
can be written as follows:
Mn = {x
n, g1(x
n), . . . , gp−1(x
n)} ∪ {yn, g1(y
n), . . . , gp−1(y
n)},
where for each i, hi(gi(x
n)) = gi(y
n) and hi(gi(y
n)) = gi(x
n). By taking
a suitable subsequence, we can assume that xn and yn converge to x and
y, respectively in X. Similarly as above, we prove that M (which is the
Hausdorff limit of Mn) is a finite orbit.
Case 2. For infinitely many n, Mn intersects a circle C which contains
only one vertex. In this case, we will use Lemma 4.4 and follow the same
steps as in Case 1.
Case 3: X is a local dendrite. We distinguish two cases:
(c-1): Mn∩Y 6= ∅ for infinitely many integer n. Without loss of generality,
we assume that Mn ∩ Y 6= ∅ for any n ∈ N. Since Mn is a minimal set of G,
so Mn ⊂ Y for any n ∈ N and hence M ⊂ Y . By the case 2, M is a minimal
set of G.
(c-2): Mn ∩ Y = ∅ for n large enough. Without loss of generality, one
can assume that Mn ∩ Y = ∅, for any n ∈ N. By collapsing Y to a point γ,
X̂ is a tree and Mn is a minimal set in X̂ for Ĝ for any n ∈ N; indeed, if
x ∈Mn, then G(x) =Mn and thus G(x)∩Y = ∅. Hence pi(g(x)) = g(x) for
all g ∈ G and so Ĝ(x) =Mn. By the case 2, M is a minimal set of Ĝ. As pi
is continuous, then pi(M) =M . Let us show that M is minimal set of G:
- If M ∩ Y 6= ∅ then γ ∈M since pi(M ∩ Y ) = {γ} ⊂ pi(M) = M . As M
is a minimal set of Ĝ and γ is a fixed point of Ĝ (since g({γ}) = g(pi(Y )) =
pi(g(Y )) = pi(Y ) = {γ} for all g ∈ G), then M = {γ}. So γ is a fixed point
of G (since g(M) =M), for all g ∈ G) and hence M is a minimal set of G.
- If M ∩ Y = ∅ then for any x ∈M , Ĝ(x) = G(x) =M . This proves that
M is a minimal set of G. 
Corollary 4.5. Let G be a group acting on a local dendrite X. Then the
union of all minimal sets of G is closed in X.
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5. Almost periodicity, orbit closure relation and orbit space
Let X be a compact metric space with metric d and an action of a group
G on X. First, we recall a basic notion needed later. A subset S of G
is called syndetic if there exists a finite subset F of G such that for each
element g in G, there is some element k ∈ F with kg ∈ S; that is G = FS.
Definition 5.1. A point x ∈ X is said to be almost periodic for G if for any
neighborhood U of x, the set of return times N(x,U) = {g ∈ G : gx ∈ U}
is syndetic in G. We say that:
(G,X) is pointwise almost periodic if every point of X is almost periodic.
(G,X) is pointwise periodic if every point of X has finite orbit.
We have the following characterization of almost periodicity via minimal-
ity:
Proposition 5.2. ([11]). Let X be a compact metric space. Then a point
x in X is almost periodic for G if and only if G(x) is a minimal set for G.
Definition 5.3. We call the orbit closure relation the set R = {(x, y) ∈
X ×X : y ∈ G(x)}.
When X is a circle, we have the following proposition.
Proposition 5.4. If X is a circle, then (G,X) is pointwise almost periodic
if and only if either (G,X) is minimal or every non-endpoint of X has finite
orbit.
Theorem 5.5. Let (G,X) be a group action, where X is a local dendrite
and G is a group. Then
(1) The following properties are equivalent:
(i) (G,X) is pointwise almost periodic;
(ii) The orbit closure relation R is closed.
(2) If X is different from a circle, then the following are equivalent:
(i) (G,X) is pointwise almost periodic;
(ii) Every non-endpoint of X has finite orbit.
Proof. (1) (ii) ⇒ (i): see ([5], Proposition 1.1). (i) ⇒ (ii): Assume that
(G,X) is pointwise almost periodic and let ((xn, yn))n∈N ∈ X × X such
that yn ∈ G(xn) with lim
n→+∞
d(xn, x) = 0, lim
n→+∞
d(yn, y) = 0. Without
loss of generality, we assume that G(xn) converges in Hausdorff dimension
to a closed subset M of X. As G(xn) is a minimal set for G, then by
Theorem 4.1, M is a minimal set of G. Then we have lim
n→+∞
d(xn,M) = 0
and lim
n→+∞
d(yn,M) = 0. It follows that x, y ∈M and thereforeM = G(x) =
G(y). In particular, y ∈ G(x) and so R is closed.
(2) (ii)⇒ (i): Assume that the orbit of every non-endpoint is finite. Since
the set of non-endpoints of X is dense in X, it follows by Corollary 4.5, that
every endpoint of X belongs to a minimal set of G. Therefore assertion (i)
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follows. (i)⇒ (ii): Assume that (G,X) is pointwise almost periodic and let
x be a non-endpoint of X that belong to X \ Y . Denote by M = Gx. Then
M ⊂ X \ Y . By collapsing the graph Y to a point γ, we get a new dendrite
D and a new action on D having γ as a global fixed point. It follows that
M is either a finite orbit, or a Cantor set. Let us prove that M is finite.
Claim. There exists a point y ∈ D such that Gy is finite and x ∈ [y, a].
Indeed, there exists a point z ∈ (D\(M ∪ E(X))) ∩ C, where C is the
connected component of D\{x} that does not contain a. Set N := Gz. If
N is a finite orbit, the claim follows. Now assume that N is a Cantor set,
then by ([18], Theorem 5.4), N is the only infinite minimal subset in [N ],
where [N ] is the convex hull of N . So the orbit of every point in [N ]\N is
finite. As ([N ]\N) ∩ C 6= ∅, the claim follows.
Now, by the claim, we have that Gx ⊂ T , where T is a tree (since for any
g ∈ G, g(x) ∈ [a, g(y)] and Gy is finite). Therefore M is a finite orbit by
Theorem 3.6.
Now let us prove that the orbit of every point in Y is finite. Let a be
non-endpoint such that a ∈ X\Y and let {b} = C ∪ Y , where C is the
connected component of X \ Y that contains a. Denote by J = [a, b] the
only arc in X joining a and b. Notice that the orbit of Gb ⊂ Y . Thus,
since Ga is finite, on can deduce easily that Z := Y ∪ ∪
g∈G
g(I) is an invariant
graph that contains Ga. Therefore, by Theorem 3.6, all points in Z (and in
particular in Y ) have finite orbits. This proves the assertion (ii). 
When E(X) is countable, we have the following corollary.
Corollary 5.6. Let (G, X) be a group action, where X is a local dendrite
different from a circle and G is a group. Assume that E(X) is countable.
Then the following properties are equivalent:
(1) (G,X) is pointwise almost periodic;
(2) (G,X) is pointwise periodic;
Proof. (2)⇒ (1): it is obvious. (1)⇒ (2): Assume that (G,X) is pointwise
almost periodic. As in the proof of Theorem 5.5, we collapse the graph Y
to a point γ to get a dendrite D with countable set of endpoints, and a
new action on D having γ as a global fixed point and all other points are
almost periodic. By Theorem 3.7, every point in D has a finite orbit and
so are points in X \ Y under the action of G. Any point in the graph Y
is a non-endpoint, hence by Theorem 5.5, all points in X have finite orbits
under the action of G. 
Remark 2.
(1) Corollary 5.6 extends Theorem 1.2 in [13]. Notice that ifX is a graph
different from a circle, Hattab [13] proved precisely that (G,X) is
pointwise almost periodic if and only if G is finite.
(2) If X is a circle, it is clear that if G is the group generated by an irra-
tional rotation, then (G,X) is minimal but not pointwise periodic.
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(3) If E(X) is uncountable, Corollary 5.6 is not true in general: In [10],
Efremova and Makhrova construct an example of a homeomorphism
f on a dendrite X such that E(X) is a Cantor set, where every
non-endpoint of X is periodic and every point in E(X) is almost
periodic, but not periodic.
We denote by X/G the orbit space of this action consisting of all of the G-
orbits (i.e., the quotient space of X by the equivalence relation whose classes
are the orbits of G). Since the orbit space X/G is in general complicated,
one can study a natural simpler one, called the orbit class space of (X,G),
denoted by X/G˜ and consisting of all of the orbit classes: two points of X
belong to the same orbit class if the closures of their orbits are the same.
For an orbitO ofG, we call the class of O the union cl(O) of all orbits of G
having the same closure as O. The two spaces are very linked together, since
X/G can be mapped onto X/G˜ by the map f which assigns to each G-orbit
O its class cl(O). This map f is an onto quasi-homeomorphism (i.e. the
map which assigns to each open set V ⊂ X/G˜ the open set f−1(V ) ⊂ X/G
is a bijection, see [12]).
Theorem 5.7. Let (G,X) be a group action, where X is a local dendrite
and G is a group. Then the following properties are equivalent:
(1) (G,X) is pointwise almost periodic;
(2) X/G˜ is Hausdorff.
Proof. (1) ⇒ (2): Assume that (G,X) is pointwise almost periodic. Then
R = Γ
G˜
, where Γ
G˜
is the graph of the relation G˜. By Theorem 5.5, Γ
G˜
is
closed in X ×X. We conclude that X/G˜ is Hausdorff, since X is compact.
(2) ⇒ (1): Assume that X/G˜ is Hausdorff, then for every G-orbit O, its
class cl(O) is closed in X. Hence cl(O) = O since O ⊂ cl(O) ⊂ O. It follows
that O is a minimal set. Therefore assertion (1) follows. 
For a single homeomorphism, Jmel [15] (resp. Hattab and Salhi [13]) has
shown that if f is a pointwise periodic homeomorphism of X which is a
dendrite (resp. a graph), then the orbit space X/f is Hausdorff. We extend
these results to a group action on a local dendrite as follows:
Theorem 5.8. Let (G, X) be a group action, where X is a local dendrite
and G is a group. Then we have the following properties:
(1) If (G,X) is pointwise periodic, then X/G is Hausdorff.
(2) If X/G is Hausdorff, then every non-endpoint of X has finite orbit
or X is a circle which is a G-orbit.
Proof. Assertion (1): Assume that (G,X) is pointwise periodic, thenX/G =
X/G˜. Hence by Theorem 5.7, X/G is Hausdorff. Assertion (2): Assume that
X/G is Hausdorff. Then all G-orbits are closed in X and hence minimal sets.
Assume that X is a circle. By Corollary 3.3, each orbit is finite or each orbit
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is X. If X is an interval, then it is easy to see that every point has finite
orbit. So suppose that X is neither circle nor interval, then its set of branch
points B(X) of X is nonempty. Let x ∈ B(X). Then Gx ⊂ B(X) by Lemma
2.7. Since B(X) is countable, Gx is finite. If X is a dendrite, then by ([18],
Theorem 5.4), every non-endpoint of X has finite orbit. Now assume that X
is a local dendrite not a dendrite (that is Y is non empty), then by collapsing
Y to a point γ, we get a dendrite D and a new action having γ as a global
fixed point and such that any other point has minimal orbit. Hence, every
non-endpoint in D has finite orbit and so the same holds under the action
of G on X for any point x outside the graph Y . Since B(X)∩Y 6= ∅, there
is a point in Y with finite orbit, it follows that the same holds for any point
in Y . 
Corollary 5.9. Let (G, X) be a group action, where X is a local dendrite
and G is a countable group. Then the following properties are equivalent:
(1) (G,X) is pointwise periodic;
(2) X/G is Hausdorff.
Proof. (1) ⇒ (2): it is already done by Theorem 5.8. (2) ⇒ (1): Assume
that X/G is Hausdorff. Then all G-orbits are closed in X (hence minimal
sets) and so X/G = X/G˜. Since G is countable, so by Lemma 2.8, all
G-orbits are finite; equivalently (G,X) is pointwise periodic. 
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